The implications of a large value of the effective Majorana neutrino mass for a class of two texture zero neutrino mass matrices have been studied in the flavor basis. It is found that these textures predict near maximal atmospheric neutrino mixing angle in the limit of large effective Majorana neutrino mass. It is noted that this prediction is independent of the values of solar and reactor neutrino mixing angles. We present the symmetry realization of these textures using the discrete cyclic group Z3. It is found that the texture zeros realised in this work remain stable under renormalization group running of the neutrino mass matrix from the seesaw scale to the electroweak scale, at one loop level.
I. INTRODUCTION
The flavor mixing pattern in the lepton sector is quite different from the mixing pattern in the quark sector. In the quark sector, one of the mixing angles is around 13
• and the other two mixing angles are very small whereas in the lepton sector two of the mixing angles (atmospheric mixing angle θ 23 and solar mixing angle θ 12 ) are large and the third mixing angle (reactor mixing angle θ 13 ) which was recently measured in a number of neutrino oscillation experiments [1] [2] [3] [4] [5] is around 9
• . To explain the mixing pattern in the lepton sector, a number of theoretical ideas have been proposed. A particular approach for explaining the lepton flavor mixing pattern is based on non-Abelian discrete symmetries which predict values of mixing matrix elements independent of the lepton masses and are known as mass independent textures. Some typical mixing patterns obtained using the above approach are tribimaximal mixing [6] , bimaximal mixing [7] , golden ratio-I [8] , golden ratio-II [9] , hexagonal mixing [10] all of which predict a vanishing reactor mixing angle. However, in the light of recent experimental data [1] [2] [3] [4] [5] , these mixing patterns need modifications. The other approaches used to explain lepton flavor mixing relate mixing matrix elements to lepton masses include texture zeros [11] [12] [13] [14] [15] , vanishing minors [16] [17] [18] , hybrid textures [19] , equalities between the elements [20] . Two texture zeros in the effective neutrino mass matrix (M ν ) in a basis where the charged lepton mass matrix (M l ) is diagonal have been extensively studied in the past [11] [12] [13] [14] [15] . Out of the 15 possible cases of two texture zeros in M ν , only 7 are compatible with the present neutrino oscillation data. The seven allowed cases of two texture zeros in the nomenclature of Ref. [11] are listed in Table I . It was shown by Grimus et al. [21] that classes B 3 and B 4 of two texture zeros predict a near maximal atmospheric neutrino mixing angle when supplemented with the assumption of quasidegenerate neutrino masses and this prediction is independent of the values of solar and reactor neutrino mixing angles. It was found by Dev et al. [18] that a near maximal θ 23 is predicted for two classes (B 5 and B 6 in the classification scheme of Ref. [16] ) of two vanishing minors in M ν in the limit of a large value of the effective Majorana neutrino mass (|M ee |). In the present work, a near maximal θ 23 has been predicted for classes B 1 , B 2 , B 3 and B 4 of two texture zeros in the limit of a large |M ee | and this prediction is independent of the values of solar and reactor neutrino mixing angles. The symmetry realization of these texture structures using Z 3 symmetry has been presented. It has been shown that the texture zeros realised in this work remain stable under renormalization group (RG) running of the effective neutrino mass matrix at one loop level. The paper has been organised as follows: Section 2 describes the framework used to obtain the constraint equations for two texture zeros. In Section 3, we give the details of numerical analysis. Section 4 is devoted to the symmetry realization of the two texture zero classes considered in this work. In section 5 we discuss the stability of two texture zeros under RG running. Section 6 summarizes this research work.
II. THE FRAMEWORK
In the flavor basis the complex symmetric neutrino mass matrix for Majorana neutrinos can be diagonalized by a unitary matrix V as
where
The matrix M ν can be parametrized in terms of the three neutrino masses (m 1 , m 2 , m 3 ), the three neutrino mixing angles (θ 12 , θ 23 and θ 13 , the solar, atmospheric and the reactor neutrino mixing angles, respectively) and the Diractype CP-violating phase δ. The two additional phases (α, β) appear for Majorana neutrinos. At present, two possible mass orderings are allowed for neutrinos: normal mass spectrum (NS) with m 3 > m 2 > m 1 or inverted mass spectrum (IS) with m 2 > m 1 > m 3 . We write the matrix V as
where [22] 
with s ij = sin θ ij and c ij = cos θ ij and
is the diagonal phase matrix with the Majorana-type CP-violating phases α, β and the Dirac-type CP-violating phase δ. The matrix V is the neutrino mixing matrix. Using Eq. (1) and Eq. (2), the neutrino mass matrix can be written as
The CP-violation in neutrino oscillation experiments can be described through a rephasing invariant quantity, J CP [23] with
The two texture zeros at (p, q) and (r, s) positions in the neutrino mass matrix give two complex equations viz.
and
where p, q, r and s can take the values e, µ and τ . Solving the above two equations [Eq. (6) and Eq. (7)] simultaneously, we obtain
The magnitudes of the two mass ratios in Eqs. (8) and (9), are denoted by
The CP-violating Majorana phases α and β are given by
The two mass ratios (η, ρ) and the two Majorana-type CP-violating phases (α, β) are obtained in terms of three neutrino mixing angles (θ 12 , θ 13 , θ 23 ) and the Dirac-type CP-violating phase δ. The two mass ratios can be further used to obtain two values of m 1 viz.
where (∆m
The above two values of m 1 contain the constraints of two texture zeros in M ν through the two mass ratios η and ρ. The simultaneous existence of two texture zeros in M ν requires these two values of m 1 to be equal. In the case of two texture zeros, there exists a permutation symmetry between different patterns. This corresponds to the permutation of the 2-3 rows and 2-3 columns of M ν . The corresponding permutation matrix is given by
This leads to the following relations between the parameters of the classes related by the permutation symmetry:
where X and Y denote classes related by the permutation symmetry. The classes related by the 2-3 permutation symmetry are
whereas the class C transforms unto itself. 
III. NUMERICAL ANALYSIS
The effective Majorana mass |M ee | which determines the rate of neutrinoless double beta (NDB) decay is given by
The observation of NDB decay would imply lepton number violation and the Majorana nature of neutrinos. For recent reviews on NDB decay see [24, 25] . A large number of projects such as CUORICINO [26] , CUORE [27] , GERDA [28] , MAJORANA [29] , SuperNEMO [30] , EXO [31] , GENIUS [32] aim to achieve a sensitivity up to 0.01 eV for |M ee |. In the present work, we take the upper limit on |M ee | to be 0.5 eV [25] . In addition, cosmological observations put an upper bound on the sum of light neutrino masses
Data from Planck satellite [33] combined with other cosmological data limit Σ < 0.23 at 95% confidence level (CL). However, these bounds are strongly dependent on model details and the data set used. In the numerical analysis, we take the conservative upper limit Σ < 1 eV. The recent experimental results on neutrino oscillation parameters at 1, 2 and 3σ CL [34] are given in Table II . In the numerical analysis, first, we use the experimental input of the two mass squared differences (∆m ) along with the constraints of two texture zeros and large |M ee | to obtain predictions for mixing angles. We vary the two mass squared differences randomly within the 3σ allowed ranges but keep the neutrino mixing angles free and vary them between 0
• and 90
• . The Dirac phase is varied from 0 • to 360
• and the constraint of a large |M ee | > 0.08 eV is imposed. The two values of m 1 obtained in Eq. (13) should be equal within the errors of the oscillation parameters for the simultaneous existence of two texture zeros in M ν . We carry out this analysis for classes B 1 , B 2 , B 3 and B 4 .
It is found that all these classes predict a near maximal atmospheric neutrino mixing angle while the other two mixing angles remain unconstrained. The atmospheric neutrino mixing angle remains near maximal irrespective of the values of solar and reactor neutrino mixing angles. It can be inferred from Fig. 1 and Fig. 2 that for all these classes, θ 23 moves towards 45
• with increasing |M ee |. Fig 3 depicts the 2-3 interchange symmetry between classes B 1 ↔ B 2 and B 3 ↔ B 4 . It can be seen from Fig. 2 and Fig. 3 that for classes B 3 and B 4 the quadrant of θ 23 is already decided without the experimental input of the mixing angles. Grimus et al. [21] have shown that only for classes B 3 and B 4 a near maximal θ 23 is predicted in the limit of a quasi degenerate (QD) spectrum. In comparison, our assumption of a large |M ee | apart from ensuring a QD spectrum puts additional constraints on mixing angles and CP-violating phases which leads to a near maximal θ 23 for all the four classes (B 1 , B 2 , B 3 and B 4 ). Comparing the correlation plots in Fig. 1 and Fig. 3(a, b) with those presented in Ref. [18] , it is clear that classes B 1 , B 2 of two texture zeros have the same phenomenological predictions (except for neutrino mass spectrum) as those for classes B 6 , B 5 of two vanishing cofactors, respectively. This similarity is not coincidental and, in fact, it has been shown in Ref. [35] that for any model with some homogeneous relationship between the elements of the effective neutrino mass matrix with one mass spectrum, there are similar predictions for the oscillation parameters and the Majorana phases as for models with the same relationship among cofactors of the effective neutrino mass matrix with opposite neutrino mass spectrum.
In the second step, we also take into account the experimental input of mixing angles along with the experimental input of the two mass squared differences. With these additional inputs, the phenomenological predictions of the four classes B 1 , B 2 , B 3 and B 4 substantially overlap (see Fig. 4 and Fig. 5 ) and a precise determination of δ and the determination of neutrino mass spectrum is crucial to pin down one of the four classes [13] [14] [15] . The correlation plots for classes B 1 and B 3 are shown in Fig. 4 and Fig. 5 , respectively. One can see from Fig. 4(d) and Fig. 5(d the operation of P 23 [Eq. (14) ] on the mass matrices of patterns B 1 and B 3 , respectively.
IV. SYMMETRY REALIZATION
In this section, we show how the texture zero structures discussed in this work can be obtained using discrete Abelian family symmetries. General guidelines for the symmetry realization of texture zeros in both the quark and the lepton mass matrices have been enunciated in Ref. [36] which outlines procedures for enforcing texture zeros at any place in the fermion mass matrices by imposing discrete Abelian family symmetries. To obtain the desired texture structures for class B, we use the framework of type-I+II seesaw mechanism [37, 38] . The type-I seesaw [37] contribution to the effective neutrino mass matrix is given by
where M D and M R are the Dirac and the right-handed neutrino mass matrices, respectively. For the type-I seesaw mechanism to work, the standard model (SM) is extended by adding three right-handed neutrinos (ν eR , ν µR , ν τ R ).
For classes B 3 and B 4 , we will also need one SU (2) L singlet scalar (χ). For the type-II seesaw [38] contribution to the effective neutrino mass matrix, we need a scalar SU (2) L triplet Higgs (△). The effective neutrino mass matrix containing both type-I+II seesaw contributions is given by
where M L denotes the type-II seesaw contribution. The symmetry realization of all the presently allowed classes of two texture zeros in M ν in the flavor basis has been presented in [14, 39] in the context of type-II seesaw mechanism and in Ref. [40] considering both type-I+II seesaw contributions and using a minimal cyclic symmetry group. Classes B 1 and B 2 have also been realized in Ref. [41] using A 4 or its Z 3 subgroup in the context of type-I+II seesaw mechanism. Also, classes B 3 and B 4 have been obtained in Ref. [42] by softly breaking the L µ − L τ symmetry.
For the symmetry realization, we use the discrete cyclic group Z 3 . For class B 1 , we assume the following transformation
The transformation properties of lepton and scalar fields under Z3 for classes B1, B2, B3 and B4.
properties of the leptonic fields under the action of Z 3 symmetry:
where ω = e i2π/3 . D lL (l = e, µ, τ ) denotes SU (2) L doublets and l R , ν lR denote the right-handed SU (2) L singlet charged lepton and neutrino fields, respectively. According to the above transformations of the leptonic fields, the bilinears D lL l R , D lL ν lR and ν
The SM Higgs doublet is assumed to remain invariant under Z 3 leading to diagonal M l , M D . M R has the following form:
This leads to the following type-I seesaw contribution to the effective neutrino mass matrix:
We add a Higgs triplet △ which transforms as △ → ω△ under Z 3 , leading to the following type-II seesaw contribution to the effective neutrino mass matrix:
The effective neutrino mass matrix after the complete type-I+II seesaw contributions has the form of class B 1 viz.
In Table IV , we have summarized the transformation properties of lepton and scalar fields under the action of Z 3 for classes B 1 , B 2 , B 3 and B 4 . For classes B 3 and B 4 we need an SU (2) L singlet scalar for obtaining the desired form of M R (see table V) corresponding to these two classes. We have closely followed our earlier work [40] for the symmetry realization of classes B 3 and B 4 . Also, for the symmetry realization of classes B 1 and B 2 we need to softly break the scalar potential by allowing the Z 3 forbidden, dimension three term φ † △φ 1 . This term is required to obtain a non-zero and small VEV of the scalar triplet (△) [39, 43, 44] . From Table III , we can see that for each class there is a hierarchy between the magnitudes of the non-zero elements of M ν . The magnitude of (e, e) and (µ, τ ) elements is at least an order of magnitude greater than the rest of the non-zero elements of M ν . To account for the hierarchy between the non-zero elements of the neutrino mass matrices of classes B 1 , B 2 , B 3 and B 4 , we assume the dominance of type-II seesaw contribution. As can be seen from Table V , for all the classes (B 1 , B 2 , B 3 , B 4 ) considered in this work, the dominant type-II seesaw contributes to (e, e) and (µ, τ ) elements of M ν in each case, thus, accounting for the hierarchy between the non-zero elements of M ν .
V. STABILITY OF TEXTURE ZEROS
All the above classes of texture zeros are realized at the seesaw scale which poses the question whether the texture zeros realized in this work survive when the RG evolution of M ν from the seesaw to the electroweak scale is taken into account. At one loop, the RG running of the neutrino mass matrix below the seesaw scale is described by the RG equation [45] :
where κ denotes the effective dimension five neutrino mass operator [46] , Y l is the Yukawa coupling matrix for the charged leptons, C = − 3 2 in the SM and ξ denotes the contribution from gauge interactions. The renormalization scale µ enters through t = ln(µ/µ o ). From Eq. (27) one can see that in the flavor basis where the charged lepton Yukawa coupling matrix is diagonal, the radiative corrections to each element of the effective neutrino mass matrix are multiplicative, so that a zero entry remains zero. The situation changes at energies larger than the mass scale of the lightest right-handed neutrino. Above this threshold, the neutrino Yukawa couplings Y ν also contribute to the RG equations. Above the highest seesaw scale, the effective neutrino mass matrix is defined as
where v denotes the Higgs doublet vacuum expectation value (VEV). Between the mass thresholds, the singlet neutrinos are successively integrated out which leads to modifications in running 2 . In the full type-I+II seesaw scenario, the running of the effective neutrino mass matrix M ν above and between the seesaw scales is given by the running of following three different contributions to M ν :
where Λ, M △ >> v. The one loop β-functions for the effective neutrino mass matrix in various effective theories can be summarized as [48] 
where M (i) ν denotes any of the three contributions to the effective neutrino mass matrix. For all the Yukawa coupling matrices realized in this work, the hermitian products Y k Y † k (k = l, ν, △) which are relevant for the RG evolution of M ν come out to be diagonal so that RG corrections are again multiplicative on the effective neutrino mass matrix elements leaving zero elements intact. Thus, although, the values of neutrino masses and neutrino mixing parameters change due to RG corrections while running down from the seesaw scale to the electroweak scale, the correlations induced between neutrino masses and mixing parameters by texture zeros remain unchanged due to the stability of texture zeros.
VI. SUMMARY
The two texture zero neutrino mass matrices in the flavor basis have been fairly successful in describing neutrino masses and mixings. We have studied the implications of large effective Majorana neutrino mass for a class of two texture zero neutrino mass matrices. We found that Classes B 1 , B 2 , B 3 and B 4 all predict near maximal atmospheric neutrino mixing angle when supplemented with the assumption of large effective Majorana neutrino mass. Moreover, the near maximality of the atmospheric neutrino mixing angle is independent of the values of the solar and reactor neutrino mixing angles. Furthermore, we have shown how one can obtain such texture structures in the context of type-I+II seesaw using the discrete Abelian group Z 3 . Assuming type-II seesaw dominance one can explain the hierarchy between the non-zero elements of the effective neutrino mass matrix. The hermitian products Y k Y † k for various Yukawa coupling matrices realized in this work are all diagonal, leading to the stability of texture zeros against running from the seesaw to the electroweak scale. The assumption of large |M ee | is motivated by the fact that there are a number of forthcoming and presently ongoing experiments searching for neutrinoless double beta decay. These experiments are capable of confirming or ruling out large |M ee |.
